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This paper describes the theoretical and experimental modelling of a room with low and high level openings and distributed heating at
multiple levels. By elevating a proportion of the heat load from the base, the temperature of the space will becomes stratiﬁed.
Consequently, the height of neutral buoyancy is raised and is a function not only of the geometric areas of upper and lower openings but
also of the ratio of heat ﬂuxes and the heights over which they apply. If an intermediate opening is now introduced, air will ﬂow outwards
if the height of neutral buoyancy is below the opening and inwards if it is above. When the intermediate opening acts as an inﬂow vent,
two regimes may occur. Firstly, if the magnitude of the elevated heat ﬂux is sufﬁcient to warm up the incoming cool air the space will
remain stratiﬁed. However, if it is insufﬁcient the incoming air will descend to the base and the whole space will become well mixed.
Quantitative models have been developed to describe the conditions under which each regime occurs and each has been validated using
small scale analogue experiments.
r 2006 Elsevier Ltd. All rights reserved.
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Ofﬁces are commonly designed in an open plan format
to enhance the working conditions for the inhabitants.
Such design is also beneﬁcial for a successful natural
ventilation strategy as air can easily rise and circulate
between the internal ﬂoors and spaces. Typically, multiple
ﬂoors are connected to a central atrium which operates as a
stack. This draws in ambient air through each ﬂoor where
it is heated by the occupants and other indirect forms of
heating before ﬂowing into the atrium and exiting out the
top of the building. In this manner, each ﬂoor receives a
fresh supply of ambient air and the stale air is exhausted
into the atrium where it is kept away from the inhabitants.
An example of such a building is Houghton Hall, Luton,
UK, as shown in Fig. 1. This building has two ﬂoors on
one side of a common atrium and three on the other. Such
buildings are designed so that the buoyancy driven air ﬂow
through each ﬂoor substantially reduces or even removes
the need for mechanical ventilation.e front matter r 2006 Elsevier Ltd. All rights reserved.
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ess: Stephen@bpi.cam.ac.uk (S.R. Livermore).Previous work by Fitzgerald and Woods [1] has shown
that for a building of uniform internal temperature
containing only upper and lower vents, the height of
neutral buoyancy will be governed by the ratio of areas
between the upper to lower openings only and is
independent of the magnitude of the heat ﬂux to the space.
Consequently, if an intermediate level opening is intro-
duced above the height of neutral buoyancy, this opening
will operate as an outﬂow vent and conversely, if the
opening is below the neutral buoyancy, it will act as an
inﬂow vent. In order for all ﬂoors to receive an inﬂow of
ambient air, therefore, it is necessary to ensure that the
height of neutral buoyancy is above the uppermost ﬂoor
opening.
In reality, however, the air within the building may not
be of uniform temperature. If a heat load is produced on
each ﬂoor as well as at the base, the internal temperature
may in fact be stratiﬁed, increasing in incremental steps at
every ﬂoor towards the top of the building. In some
circumstances the heat load may result from a single or
cluster of localised sources, such as an assembly of
electrical equipment. In this case it may be best modelled
as a single or collection of point sources [2,3]. In other
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Fig. 1. Houghton Hall, a typical naturally ventilated open plan ofﬁce
building.
Fig. 2. (a) Schematic of a room heated at the base by a distributed heat
source, Q1. (b) The variation of pressure as a function of height of interior
(dotted line) and exterior air (solid line).
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throughout the space and better modelled as a distributed
source of buoyancy, [4,1]. In this work, we simplify the
analysis by assuming that the heat loading is evenly
distributed and develop a methodology for assessing the
impact of an additional heat load positioned further up the
building. We show that this will raise the height of neutral
buoyancy and the new height will be a function not only of
the ratio of upper to lower areas but also of the ratio of the
magnitudes of the heat loads and the vertical distance over
which they apply. The effect of introducing an intermediate
opening above the additional heat load is investigated,
both when it acts as an outﬂow and also when it acts as an
inﬂow vent. We show that when the intermediate opening
is an outﬂow vent, the temperature within the room will
remain stratiﬁed. When there is inﬂow through the
intermediate opening, however, we then ﬁnd that two ﬂow
regimes may exist. If the upper heat load is dominant over
the lower, the room remains stratiﬁed. If, on the other
hand, the upper heat load is signiﬁcantly weaker than the
lower, there will be insufﬁcient heat ﬂux to warm up the
incoming air through the intermediate opening and
consequently, this air will sink and the whole room will
become well mixed. This regime, like the outﬂow solution is
undesirable from a design perspective as the occupants will
be receiving stale air from the surrounding ﬂoors. A
successful strategy would ensure that all ﬂoors receive an
inﬂow of ambient air which, on heating within the ﬂoor will
rise and exit at the top of the building. We derive models to
predict the steady state temperature and ventilation ﬂows
in all three cases and develop analytical expressions to
show the conditions under which each regime exists. The
models are validated by simple analogue experiments and
the results show close agreement with the theory. Finally,
we discuss the implication of the models for building
design.
2. Theoretical model
2.1. Model of a room with a single distributed heat load
Initially, we consider a simple displacement model for a
room of height, H ventilated by upper and lower openingsof area a3 and a1, respectively. The room is heated by a
uniformly distributed heat load of magnitude Q1 situated
at the base of the room as shown in Fig. 2(a). It is assumed
that the Rayleigh number of the air within the room is high
[5], such that the air is well mixed [4] and of uniform
temperature. Following Gladstone and Woods [4], it is
further assumed that the pressure both within and outside
the room varies hydrostatically.
Following the approach of Linden [6] the velocity vj
through an opening of area aj is related to the pressure
drop across the opening according to
vj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2DPj
r
s
, (1)
where r is the ambient density of the air. The volume ﬂux,
Vj, through the opening may given in terms of the velocity,
vj, according to
Vj ¼ ajcjvj, (2)
where cj is the loss coefﬁcient through the opening.
Applying the approach of Fitzgerald and Woods [1] the
steady state ﬂow through the lower and upper vents is
given by
v1 ¼ gv3, (3)
where g ¼ a3c3=a1c1 is the ratio of the upper and lower
effective areas. As shown in Fig. 2(b), the pressure drop
across the lower opening is given by the difference in
hydrostatic pressure between the interior and exterior over
the vertical distance, hn, as
DP1 ¼ Drghn (4)
and similarly for the upper opening as
DP3 ¼ DrgðH  hnÞ. (5)
Substituting (4) and (5) into (1) the velocity through the
lower and upper openings are given by
v1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2hng0
p
(6)
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v3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðH  hnÞg0
p
, (7)
where g0 ¼ Drg/r.
Combining (6) and (7) with (3) leads to the result
obtained by Fitzgerald and Woods [1] giving the height of
the neutral level as
h^n ¼
g2
1þ g2 , (8)
where h^n ¼ hn=H.
The neutral level, h^n, is determined solely by the ratio of
the lower and upper opening areas, g. Fig. 3 shows how the
height of the neutral level varies with g.
2.2. Effect of an additional distributed heat load
The analysis is now extended to model the effect of an
additional heat load positioned at a height h above the base
of the room. This heat load, of magnitude, Q2 provides
distributed heating to the region above h, forming a
two layer stratiﬁcation such that T24T1. This is shown in
Fig. 4(a).1
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Fig. 3. Variation of height of the neutral level with the area ratio, g,
between the upper and lower openings.
Fig. 4. (a) Schematic of a room containing a distributed heat load, Q1, at the ba
a function of height within the room below h (dotted line), above h (dot-dashe
below h. (c) As (b) but with the neutral buoyancy above h.As in Section 2.1, the pressure loss through each opening
is given by the difference in hydrostatic pressure between
the opening and the height of neutral buoyancy, hn. Since
there is a two layer temperature stratiﬁcation, the pressure
loss across each opening may be affected by both or just
one of the layers, depending on the height of hn. If hnoh
then the pressure loss through the lower opening is
dependent solely on Dr1 and that through the upper
opening dependent on both Dr1 and Dr2 where Dr1 ¼
r r1 and Dr2 ¼ r r2 (see Fig. 4(b)). Conversely, if
hn4h then the pressure loss through the lower opening is
governed by both Dr1 and Dr2 and the upper opening
solely on Dr2 (Fig. 4(c)). Analytical expressions for hn are
now derived for both conditions.
2.2.1. Neutral buoyancy below upper heat load, hnoh
The pressure loss across the lower opening is dependent
on the hydrostatic pressure of the lower region only and is
given by
DP1 ¼ Dr1ghn. (9)
Since the interface between the two layers is positioned
between the upper opening and the height of neutral
buoyancy, the pressure loss through the upper opening is
dependent on both Dr1 and Dr2 such that
DP3 ¼ Dr1gðh  hnÞ þ Dr2gðH  hÞ. (10)
Combining (9) and (10) with (1) and (3) givesﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g01hn
p
¼ g
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g01ðh  hnÞ þ g02ðH  hÞ
p
, (11)
where g0j ¼ gDrj=r fj ¼ 1; 2g. Alternatively this may be
written asﬃﬃﬃﬃﬃ
hn
p
¼ g
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðh  hnÞ þ cDrðH  hÞq , (12)
where cDr ¼ Dr2/Dr1.
To simplify this expression we consider energy balances
within the room. For the region below h, the heat lost by
advection at steady state is balanced by the heat gain, Q1
[7], as
Q1 ¼ rCpV ðT1  TÞ, (13)se and an additional heat load, Q2, at height h. (b) Variation of pressure as
d line) and exterior (solid line). Here the height of neutral buoyancy, hn, is
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Fig. 5. Variation of height of neutral buoyancy with the heat ﬂux ratio, Q^,
with g ¼ 0:5.
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Fig. 6. Dependence of heat load ratio, Q^, and area ratio, g, on the height
of the neutral level, h^n.
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heat capacity of the air. Similarly for the region above h
Q2 ¼ rCpV ðT2  T1Þ. (14)
Air enters the region above h at temperature T1 and exits
the room through a3 at T2.
For small temperature differences, the variation in
density between the interior and exterior, Dr, is linearly
related to the temperature variation [8] according to
Drj ¼ raDTj, (15)
where DTj ¼ Tj  T and a is the expansion coefﬁcient of
air. By dividing (14) by (13) and using (15) the ratio of the
internal density variations may be given ascDr ¼ Q^ þ 1, (16)
where Q^ ¼ Q2=Q1.
Combining (16) with (12), the height of neutral buoy-
ancy is given by
h^n ¼
g2ðQ^ð1 h^Þ þ 1Þ
1þ g2 . (17)
The height of neutral buoyancy is now dependent on the
ratio of the upper to lower areas and also the ratio of the
upper to lower heat loads and the heights over which they
apply.
2.2.2. Neutral buoyancy above upper heat load, hn4h
Consider now the case where hn 4 h. The pressure loss
through the lower opening is dependent on the density of
both layers as shown in Fig. 4(c).
DP1 ¼ Dr1gh þ Dr2gðhn  hÞ, (18)
and the pressure loss through the upper opening dependent
only on Dr2,
DP3 ¼ Dr2gðH  hnÞ. (19)
Combining (18) and (19) with (1), (3) and (16) the neutral
height is now given by
h^n ¼
g2ðQ^ þ 1Þ þ Q^h^
ðQ^ þ 1Þð1þ g2Þ
. (20)
We now consider the conditions for which (17) and (20) are
applicable. For the case where the neutral level is below the
upper heat load, the required inequality, h^noh^, can be
combined with (17) to eliminate h^n and give the require-
ments as
h^4
g2ð1þ Q^Þ
g2ð1þ Q^Þ þ 1
. (21)
Similarly, when the neutral level is above the upper heat
load, h^n4h^, the conditions for (20) are given by
h^o g
2ð1þ Q^Þ
g2ð1þ Q^Þ þ 1
. (22)
Consideration of (21) and (22) shows that when the lower
heat load is dominant ðQ^o1Þ or when the upper opening ismuch smaller than the lower ðgo1Þ then (21) applies and
(17) should be used to calculate the height of neutral
buoyancy. However, when Q^41 or g41 then (22) applies
and (20) is the appropriate equation.
The expressions for the height of the neutral level given
by (17) and (20) are plotted in Fig. 5 as a function of the
ratio of the heat loads, Q^. In this example the secondary
heat load is positioned half way up the room at h^ ¼ 0:5 and
the ratio of the upper to lower areas is kept constant at
g ¼ 0:5. The prediction of (17) is shown by the solid line
and is valid for h^no0:5. The solution of (20), shown by the
dotted line, is valid for h^n40:5. In accordance with (21)
and (22) the two curves cross at Q^ ¼ 3.
Fig. 5 shows that when the neutral level is below the
temperature interface, 0oh^noh^, an increase in Q^ causes
the neutral height to rise linearly. Once the height of
neutral buoyancy lies above the intermediate heat load,
h^n4h^; however, further increases in Q^ cause the neutral
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neutral buoyancy lies above the additional heat load, the
buoyancy provided by increasing Q^ is not exclusively
acting to raise the neutral level. The component of the
buoyancy pressure above the height of neutral buoyancy,
hn, acts to raise the neutral level as before. However, the
buoyancy pressure resulting from the warm air between
the interface, h^ and hn, acts to lower hn. Thus, in this case,
the neutral level rises nonlinearly up the room with
increasing Q^.
The effect of variations in g are shown in Fig. 6. For each
value of g, the height of neutral buoyancy given by (17) and
(20) are plotted for the range in which they are valid. The
break in the slope on the curve corresponds to the point at
which the neutral buoyancy matches the height of the
additional elevated heat load, in this case at h^ ¼ 0:5.
This analysis has shown that an increase in the heat
load at an intermediate height in the space acts to raise
the height of neutral buoyancy. This has important
implications if an intermediate opening is introduced since
the ﬂow direction through the opening may be changed.3. Impact of an intermediate level opening
The analysis is now extended to explore the effect of an
intermediate level opening of area a2, positioned at height
h2 from the base of the room. In this work, the location of
this intermediate opening will be restricted to the region
above the secondary heat load and below the upper
opening, a3, at height H, such that hoh2oH. The direction
of ﬂow through the intermediate opening is dependent on
its position relative to the height of neutral buoyancy, hn. If
the opening is positioned above this level, h24hn, the
opening will act as an outﬂow vent. Conversely, if it is
positioned below the height of neutral buoyancy, h2ohn, it
will act as an inﬂow vent. If the opening is at the same
height as the neutral buoyancy, h2 ¼ hn, the analysis
suggests that there should be no ﬂow through it. In reality,
owing to the ﬁnite height of the openings, an exchange ﬂow
is likely to develop. Following Fitzgerald and Woods [1]
attention is restricted in this work to the case where theFig. 7. Flow loops representing the balance of the driving buoyancy pressur
intermediate opening and (b) inﬂow through the intermediate opening.openings are of sufﬁciently small height such that they act
as pure outlets or inlets.
3.1. Mode i: h24hn. Outflow through the intermediate
opening
In this ﬁrst case, since the height of neutral buoyancy is
below the intermediate opening it acts as an outﬂow vent.
The pressure drop across this opening is given in terms of
the reduced gravity of the interior ﬂuid acting over the
vertical distance between the opening and neutral buoy-
ancy, h2  hn. If the neutral level is below the interface,
hnoh, the pressure drop across the opening will be
dependent on the reduced gravity of both layers and
given by
DP2 ¼ Dr1gðh  hnÞ þ Dr2gðh2  hÞ. (23)
Conversely, when the height of neutral buoyancy is above
the interface, hn4h, the pressure loss across the inter-
mediate opening is dependent only upon the upper layer
and is given by
DP2 ¼ Dr2gðh2  hnÞ. (24)
The occurrence of the intermediate opening will tend to
shift h^n towards this opening [1], such that the position of
neutral buoyancy is now also dependent on the relative size
and position of the intermediate opening. To determine the
ventilation ﬂux through the openings and the excess
temperature within the room, it is therefore useful to
remove the dependence upon hn. To achieve this, consider
the case where the neutral buoyancy is positioned below
the interface, h^. By combining (23) with (9) we obtain
DP1 þ DP2 ¼ Dr1gh þ Dr2gðh2  hÞ (25)
and combining (9) with (10), we ﬁnd
DP1 þ DP3 ¼ Dr1gh þ Dr2gðH  hÞ, (26)
which expresses the sum of the pressures around the ﬂow
loops shown in Fig. 7(a). For the case where hnoh the
same result could also have been obtained by combining
(24) with (18) and (18) with (19).
Using (1) and (2), (25) and (26) can be rearranged in
terms of the volume ﬂuxes Vj through each openinge to the pressure loss through the openings for (a) outﬂow through the
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Fig. 8. (a) Steady state volume ﬂuxes and (b) temperature excesses for a
room heated by a distributed source of 2000W at the base and by Q2 at
h^ ¼ 0:5. All openings are of area 0:2m2 such that g ¼ l ¼ 1.
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V21
r
2c2a21
 
þ V 22
r
2c2a22
 
¼ Dr1gh þ Dr2gðh2  hÞ (27)
V21
r
2c2a21
 
þ V 23
r
2c2a23
 
¼ Dr1gh þ Dr2gðH  hÞ. (28)
In this case and hereafter, we assume that the discharge
coefﬁcient through each of the openings, cj, is equal and
given as c. Mass conservation may be written as
V1 ¼ V 2 þ V3. (29)
The heat balances for the room are given in a similar
manner to Section 2.2, for the region below the upper heat
load at h^
Q1 ¼ rCpV 1ðT1  TÞ (30)
and for the region above h^
Q1 þ Q2 ¼ rCpV 1ðT2  TÞ. (31)
For convenience, the ratio of the areas of the intermediate
to lower opening is deﬁned as l ¼ a2=a1. By combining (27)
and (28) with (29) and the heat balances (30) and (31), we
obtain two coupled expressions in terms of the volume
ﬂuxes, V 1 and V 2,
l2V 31 þ V 22V 1  h^b3l2  ðh^2  h^Þð1þ Q^Þb3l2 ¼ 0, (32)
V31ðg2 þ 1Þ þ V 22V 1  2V21V2  b3g2h^
 b3ð1 h^Þð1þ Q^Þg2 ¼ 0, ð33Þ
where a scale for the volume ﬂux, b, is deﬁned as
b ¼ 2gaHQ1c
2a21
rCp
 1
3
. (34)
(32) and (33) can be solved numerically to ﬁnd the volume
ﬂuxes, V 1 and V2. Once established, these can be
substituted back into the heat balances in (30) and (31)
to determine the steady state temperature excesses of both
layers relative to the exterior. Throughout this work we
assume the loss coefﬁcient through the opening is c ¼ 0:7,
consistent with simple draining experiments [9].
To illustrate this model we consider a room of height
10m containing a constant heat load of 2000W at the base
and a secondary heat load of variable magnitude Q2 half
way up the room at h^ ¼ 0:5. The upper and lower openings
are positioned at the top and bottom of the room and an
intermediate opening is positioned 6m up from the base
such that h^2 ¼ 0:6. All three openings have area 0:2m2 such
that g ¼ l ¼ 1. By solving (32) and (33), the volume ﬂuxes
Vj are established for variations in the heat ﬂux, Q2, and
are shown in Fig. 8(a). The corresponding steady state
temperatures are shown in Fig. 8(b). As Q2 increases, the
ventilation ﬂow out the intermediate opening decreases as a
result of the rising height of neutral buoyancy and reduced
pressure available to drive the ﬂow outwards. When
Q2 ¼ 1300W, the neutral level reaches the height of the
intermediate opening and V2 ! 0. The model is invalid forfurther increases in Q2 as hereafter the intermediate
opening acts as an inﬂow vent. Consider now the
temperature excesses within the room given by Fig. 8(b).
When Q2 ¼ 0, the example simpliﬁes to a room containing
a single heat load such that T2 ¼ T1. For Q240, the room
becomes increasingly stratiﬁed. Interestingly, the tempera-
ture of the lower layer falls slightly as Q2 is increased. This
is due to the increased buoyancy of the upper layer drawing
in a greater volume ﬂux through the lower opening, a1, and
increasing the advection of heat from the lower half of the
room.
3.2. Mode ii: h2ohn. Inflow through intermediate opening
We next consider the case where the intermediate
opening is lower than the height of neutral buoyancy. This
opening now acts as an inﬂow vent causing a plume of
dense ambient air to enter the room. This will descend onto
the secondary heat load where it will spread and become
mixed by the convection associated with the distributed
heat load. If the heat gain, Q2, to the upper region is
greater than that offset by the inﬂow of cold air through
the intermediate opening, the room will be stratiﬁed in a
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Fig. 9. Steady state volume ﬂuxes and temperature excesses for a 10m
high room heated by a distributed source of 2000W at the base and by Q2
at h^ ¼ 0:5. The intermediate and upper vents have area 0:2m2 and the
lower vent has area 0:13m2.
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loss across the intermediate opening is given by the reduced
gravity of the interior ﬂuid acting over the height hn  h2 as
DP2 ¼ Dr2gðhn  h2Þ. (35)
The dependence on hn can be removed by summing (18)
with (19) and (35) with (19) to give
DP1 þ DP3 ¼ Dr1gh þ Dr2gðH  hÞ (36)
and
DP2 þ DP3 ¼ Dr2gðH  h2Þ, (37)
which represents the balance between the buoyancy
pressure and the loss across the openings as shown in
Fig. 7(b).
Mass conservation is now given by
V 1 þ V2 ¼ V3. (38)
The heat balance for the region below h is the same as in
Section 3.1. However, the balance for the region above h is
different as the total inﬂow has changed from V1 to
V 1 þ V2.
Q1 þ Q2 ¼ rCpðV1 þ V 2ÞðT2  TÞ. (39)
By combining (36) and (37) with (1), (2), (38) and the heat
balances (13) and (39) we obtain
V 41ðg2 þ 1Þ þ V 31Q2ðg2 þ 3Þ þ V 32V 1 þ 3V 21V 22
 V 1b3g2ðh^ þ ð1 h^Þð1þ Q^ÞÞ  V 2b3g2h^ ¼ 0, ð40Þ
V 32ðg2 þ l2Þ þ V22V1ðg2 þ 3l2Þ
þ V 21V 2ð3l2Þ þ V31l2  b3l2g2ð1 h^2Þð1þ Q^Þ ¼ 0. ð41Þ
Once again, (40) and (41) are solved numerically to ﬁnd the
volume ﬂux through the openings. To illustrate this model
we revisit the example room described in Section 3.1. The
positions of the heat sources and openings are kept the
same at h^ ¼ 0:5 and h^2 ¼ 0:6, respectively. The upper and
intermediate openings have area 0:2m2 but the lower
opening is restricted slightly to 0:13m2 to give l ¼ g ¼ 1:5.
The solutions of (40) and (41) are explored for the variation
in the upper heat load, Q2. The steady state volume ﬂuxes
are shown in Fig. 9(a) and the temperature excesses in
Fig. 9(b). By increasing Q2, the neutral level is raised and
the ventilation ﬂow through the intermediate opening, V2,
is increased.
Fig. 9(b) shows that when the secondary heat load is
comparable in magnitude to Q1, the room is stratiﬁed in a
similar manner to Section 3.1. However, when Q2 is
signiﬁcantly smaller than Q1, the heat supplied by Q2 is
insufﬁcient to heat up the ambient air coming in through
the intermediate opening. Consequently, the model pre-
dicts that the air above the secondary heat source will
actually be cooler than the air below (shaded region). This
is clearly an unstable solution since dense air will be sitting
on top of less dense air. In reality, as Q2 decreases to the
point at which T2 drops below T1, the air above theinterface will sink to the base and the whole room will
become well mixed.
3.3. Mode iii: Inflow through intermediate opening with
room fully mixed
We now adapt the model to allow for the conditions
where the room is well mixed and at the uniform
temperature, Tm. The expressions for the pressure balances
given in (36) and (37) can be simpliﬁed for this regime given
that Dr2 ¼ Dr1 ¼ Drm.
DP1 þ DP3 ¼ DrmgH (42)
and
DP2 þ DP3 ¼ DrmgðH  h2Þ. (43)
The energy balance for whole room is given by
Q1 þ Q2 ¼ rCpðV1 þ V 2ÞðTm  TÞ, (44)
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S.R. Livermore, A. W. Woods / Building and Environment 42 (2007) 1417–14301424where Tm is the temperature within the room when it is
well mixed. Combining (42) and (43) with (1), (2), (38) and
the heat balance (44) we obtain
V31ðg2 þ 1Þ þ V 32 þ V21V2ðg2 þ 3Þ
þ 3V 22V 1  b3g2ð1þ Q^Þ ¼ 0, ð45Þ
V32ðg2 þ l2Þ þ V 22V 1ðg2 þ 3l2Þ þ 3V 21V 2l2
þ V 31l2  b3l2g2ð1 h^2Þð1þ Q^Þ ¼ 0. ð46Þ
Solutions to (45) and (46) are applied to the example of
Section 3.2 for the conditions where T2oT1. Fig. 10 shows
the solutions for both the stratiﬁed and mixed inﬂow
models. The dotted line in Fig. 10(b) shows the tempera-
ture, Tm, within the room for the mixed regime.0.3
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Fig. 10. Steady state volume ﬂuxes and temperature excesses for a 10m
high room heated by a distributed source of 2000W at the base and by Q2
at h^ ¼ 0:5. For low Q2 the room becomes well mixed and of uniform
temperature, Tm.3.4. Summary of flow regimes
The analysis has shown that three possible ﬂow regimes
may develop as a result of variations in the relative size of
the ﬂow vents and heat loads as shown in Fig. 11. A
successful natural ventilation strategy will ensure that the
building operates only in mode ii, where there is inﬂow
through the intermediate opening and the incoming air
rises throughout the building. In mode i, the upper ﬂoor
receives the air from the lower ﬂoor and in mode iii, the
lower ﬂoor receives air from the upper ﬂoor. We now
derive analytical expressions to quantify when each regime
occurs.
The position of the crossover point between inﬂow and
outﬂow through the intermediate opening is given at the
point at which the height of neutral buoyancy is at the level
of the intermediate opening. By rearranging (20), with
h^n ¼ h^2, we obtain
g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Q^ðh^  h^2Þ  h^2
ðQ^ þ 1Þðh^2  1Þ
s
, (47)
which is dependent on the ratio of the heat ﬂuxes and
upper to lower areas as well as the height of the additional
heat load and intermediate opening. It is not, however,
dependent on the size of the intermediate opening as at this
condition there is no net ﬂow through this opening.
When the intermediate opening is acting as an inﬂow
vent, the changeover from a stratiﬁed to a mixed room is
given at the point at which T2 ¼ T1. To describe this
quantitatively we consider the energy balances within the
room. Using the heat balances for the lower and upper
regions, (30) and (39), respectively, the point at which the
two regions are of equal temperature may be given as
Q^ ¼ V2
V1
. (48)
Substituting for V2 into (45) and (46) and eliminating V 1
we ﬁnd the boundary between the stratiﬁed and mixed
cases as
g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2ð1þ Q^Þ2h^2
l2ð1 h^2Þ  Q^
2
vuut . (49)Fig. 11. Schematics showing the three ﬂow regimes that can occur, (i)
outﬂow through middle opening with the room stratiﬁed, (ii) inﬂow
through the middle opening with the room stratiﬁed and (iii) inﬂow with
the air in the room well mixed.
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Fig. 12. Regime diagram showing the three possible modes of operation in terms of the area ratio, g, and the heat ﬂux ratio, Q^. The arrow shows increases
in the relative size of the intermediate opening, l ¼ 1; 3; 5 and 7. The boundary between modes (i) and (ii) is independent on the magnitude of l.
S.R. Livermore, A. W. Woods / Building and Environment 42 (2007) 1417–1430 1425In this case, the position of the crossover is dependent on
the relative size of the intermediate opening, l, as this
effects the volume ﬂux entering the space and consequently
the heat balance in the upper section of the room. (47) and
(49) are illustrated in Fig. 12 for h^ ¼ 0:5 and h^2 ¼ 0:6.
Here, the arrow shows increases in the size of the
intermediate opening, l ¼ 1; 3; 5 and 7.
4. Experiments
In order to build conﬁdence in the simple modelling
approach and to illustrate the ﬂow regimes in practice we
have developed a simpliﬁed analogue model.
4.1. Apparatus
The experimental system consists of a small acrylic tank
of height 31 cm shown in Fig. 13. The tank contains two
ﬂoors, each of outer dimensions 20 20 11 cm connected
to a common atrium. This is placed inside a larger tank of
dimensions 130 80 75 cm which acts as the constant
exterior. Both ﬂoors contain a distributed heating wire of
power output 0–475W designed to provide a uniform
source of buoyancy. The heaters are connected to 30V
transformers via voltage and current meters which allows
the power output to be accurately measured. The lower and
upper ﬂoors both contain a series of openings positioned at
heights 2 and 20.5 cm above the base of the tank to
represent the ﬂow areas a1 and a2, respectively. These may
be sealed independently using rubber stoppers to vary the
size of the ﬂow vents. In addition, there are ﬁve 1.5 cm
diameter openings at the top of the atrium which act as the
upper opening a3. The upper heating element is positionedat a height of 12.5 cm above the base. The dimensionless
heights, relative to the total height of the model, are
therefore h^ ¼ 0:36 and h^2 ¼ 0:64.
The temperatures were measured throughout the experi-
ments using type K thermocouples, connected via Pico
loggers to a PC. Three were positioned inside each ﬂoor,
approximately, 3, 5 and 8 cm from each heating element.
Six thermocouples were positioned inside the atrium at
heights, 7; 10; 13; 17; 21 and 27 cm from the base of the tank
and a further two were placed within the large reservoir to
ensure that the temperature of the water surrounding
the model remained constant. The ﬂow direction through
the openings and within the tank was observed using the
shadow graph technique and enhanced using tracer dyes
which were injected through long syringes (c.f. [6,4]).
Before each experiment the water was thoroughly mixed
and allowed to settle before the heating units and data
loggers were switched on.
4.2. Results
The ﬁrst set of experiments was concerned with the effect
of the area and heat ﬂux ratios, g and Q^, on the height of
neutral buoyancy and consequently the ﬂow direction
through the intermediate opening. The lower and upper
vent areas were varied to give g in the range 0:8ogo1:5
and the middle opening was restricted to a single opening
of diameter 0.6 cm. This was to ensure that the ﬂow
through this opening was signiﬁcantly lower in magnitude
than that through the lower and upper vents such that it
did not affect the steady state temperature within the
model. By using a small opening, however, the direction of
ﬂow through the intermediate opening could easily be
ARTICLE IN PRESS
10
InflowOutflow
9
8
7
6
5
4
3
2
1
0
0.7 0.8 0.9 1.0 1.1
γ
1.2 1.3 1.4 1.5
Q^
Fig. 14. Experimental results for the ﬂow direction through the
intermediate opening. Here the inﬂow and outﬂow are denoted by circles
and diamonds, respectively. The solid line indicates the theoretical
predictions of the critical value of Q^ as a function of the area ratio g at
which the ﬂow through the intermediate opening changes direction.
Fig. 13. Experimental apparatus comprising two ﬂoors each containing distributed heat loads connected to a common atrium. (External dimensions
shown.)
S.R. Livermore, A. W. Woods / Building and Environment 42 (2007) 1417–14301426observed using the shadow graph technique. The ratio of
the upper to lower heat ﬂuxes, g, was also varied between 0
and 10. In each experiment the internal temperatures were
monitored to ensure that the system had reached steady
state before the observed ﬂow direction through the
intermediate opening was recorded. Fig. 14 shows the ﬂow
direction through the intermediate opening under various
values of g and Q^. The theoretical prediction for the
boundary between in- and outﬂow is given by (47) and
shown by the solid line. The model predicts that the area to
the right hand side of the curve is associated with an inﬂow
through the intermediate opening. The area to the left ofthe curve is associated with an outﬂow through the
opening.
The next set of experiments investigated the steady state
temperature excesses within the room, ﬁrstly for outﬂow
through the intermediate opening and secondly when it
acted as an inﬂow vent. To ensure that the intermediate
opening acted as an outﬂow vent (mode i), the upper vent
was restricted slightly and the upper and lower openings
areas were set at 1.12 and 3:5 cm2, respectively, to give
g ¼ 0:33. The intermediate opening was also set at 3:5 cm2
giving l ¼ 1. The lower heating unit provided a constant
output of 250W and the upper heating unit was varied
from 0 to 475W in approximately 100W increments. The
temperature was monitored in each experiment to ensure
that it reached steady state conditions before the data were
recorded. Typically it took around 50–60min to reach
steady state, consistent with the time scale shown in the
appendix. Although there is likely to be a small amount of
heat loss through the skin of the acrylic, following
Livermore and Woods [10], we assume that this is
signiﬁcantly less than the heat lost by advection through
the openings and consequently may be omitted from the
analysis. The results from this experiment are shown in
Fig. 15 along with the theoretical predictions derived in
Section 3.1. In this ﬁgure, we neglect the temperature
measurements recorded at the base of the ﬂoors as these
were offset by the inﬂow of cold water and do not reﬂect
the bulk temperature of the ﬂuid in either the ﬂoors or the
atrium. When Q2 ¼ 0, the room is heated solely by the heat
source at the base of the room and the room is at a uniform
temperature. As Q2 increases, the heat input to the upper
section of the room increases, causing the temperature
excess within the upper region to become greater. Conse-
quently, a two layer stratiﬁcation forms within the room.
The stratiﬁcation of the ﬂuid within the model is shown
clearly by the photograph in Fig. 16. In this example, the
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Fig. 16. Photograph of an experiment where a1 ¼ a2 ¼ 3:5 cm2 and
a3 ¼ 1:2 cm2. The lower heat ﬂux, Q1 ¼ 250W and Q2 ¼ 468W. Red dye
injected into the upper ﬂoor to illustrate the stratiﬁcation of ﬂuid within
the model. Arrows indicate the ﬂow direction through the openings.
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Fig. 17. Experimental results for the temperature excesses for the model
where the intermediate opening acts as an inlet vent. In all cases, Q1 ¼
250W and Q2 is varied from 0 to 470W. For Q24300W the room is
stratiﬁed and for Q2o300W the room is at the uniform temperature
of Tm.
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Fig. 15. Experimental results for the temperature excesses for the lower
(T1, shown as triangles) and upper (T2, shown as diamonds) regions of the
room, compared with the theoretical predictions (solid lines). The
intermediate opening in this case acts as an outﬂow vent. The lower heat
load has a constant output of 250W and a1 ¼ a2 ¼ 3:5 cm2 whilst
a3 ¼ 1:2 cm2.
S.R. Livermore, A. W. Woods / Building and Environment 42 (2007) 1417–1430 1427lower and upper heat ﬂuxes provide 250 and 468W,
respectively. Red dye is injected into the upper layer, which
quickly mixes and illustrates the sharp interface between
the two layers. It is also clear that the intermediate opening
is operating as an outﬂow vent.
We next consider the case where there is an inﬂow
through the intermediate opening. The lower opening was
made more restrictive and the vent areas were set at a1 ¼
1:16 and a2 ¼ a3 ¼ 3:5 cm2 throughout. The lower heating
unit applied a ﬂux of 250W and the upper heating unit was
varied between 0 and 470W in approximately 100W
increments. The results of this experiment are shown in
Fig. 17 along with the theoretical predictions from Sections3.2 and 3.3. The thermocouple readings at the base of the
ﬂoors are omitted once again as these are affected by
the incoming ambient ﬂow. When Q2 is above 230W, the
model predicts that the room is stratiﬁed and operating in
mode ii. When Q2 falls below 230W, however, the room
becomes well mixed and the regime shifts to mode iii.
The two regimes are illustrated by the photograph in
Fig. 18. In (a), the upper heating unit is set at 470W and
the room is stratiﬁed. This is shown by the two layers of
dye and the interface between them at the height of the
upper heat load, h^. In (b) the upper heat load is turned off
ðQ2 ¼ 0Þ and dye is injected into the upper ﬂoor. In this
case, however, since there is no means of heating the
incoming ﬂuid it remains more dense than the ﬂuid in the
lower ﬂoor. Consequently, the ﬂuid entering the inter-
mediate opening sinks to the base of the room and the
whole model becomes well mixed.
5. Applications
We now apply the results of Sections 2 and 3 to illustrate
how this work may be used to inform the designers of
naturally ventilated buildings. We consider an example
similar to that of Houghton Hall in which there are two
ﬂoors connected to a common atrium as shown by the
dotted line in Fig. 19. Each ﬂoor is 4m high and the building
has a total height of 15.5m. Heat is produced on both ﬂoors
resulting from people, ofﬁce equipment and solar radiation.
In this example we assume that the heating on each ﬂoor is
suitably dispersed such that it acts as a distributed source.
The upper and lower openings, a3 and a1, are positioned at
the top and base of the building, respectively. The
intermediate opening, a2, is situated at the top of the upper
ﬂoor, 8m from the base such that h^2 ¼ 0:52.
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Fig. 18. Photographs of an experiment for the regimes where (a) Q2 ¼ 470W and the room is stratiﬁed and (b) where Q2 ¼ 0 and whole internal space is
of uniform colour indicating that the ﬂuid is well mixed. Arrows indicate the ﬂow direction through the openings.
Fig. 19. Example of two storey building with distributed heat sources on
both ﬂoors. In this example, h^ ¼ 0:26 and h^2 ¼ 0:52.
Fig. 20. Variation of the ratio of upper to lower areas, g, and upper to
lower heat ﬂuxes, Q^, on the height of neutral buoyancy. The intermediate
opening is at h^2 ¼ 0:52.
S.R. Livermore, A. W. Woods / Building and Environment 42 (2007) 1417–14301428Firstly, we use the analysis of Section 2.2 to calculate the
height of neutral buoyancy within the building. In this ﬁrst
calculation, we assume that the intermediate opening is
sealed ða2 ¼ 0Þ, such that the building has only low and
high level vents. Applying (17) and (20) and given that
h^ ¼ 0:26, the height of neutral buoyancy is shown in
Fig. 20. Here, we show the effect of a variation in the ratio
of upper to lower vent areas, g, and also in the ratio of the
upper to lower ﬂoor heat ﬂuxes, Q^. For the intermediate
opening to act as an inﬂow vent, the height of neutral
buoyancy must be above the opening. For the case where
the upper heat ﬂux is negligible in comparison to the lower
ðQ^ ¼ 0Þ, the requirements for inﬂow are set as g41:05. As
the upper heat ﬂux is increased, ﬁrstly to where the two
heat loads are equal, Q^ ¼ 1, and secondly to where the
upper load is much greater than the lower, Q^b1, the height
of neutral buoyancy rises and inﬂow through the inter-
mediate opening is promoted. Consequently, the require-
ments on g decrease and for the later case, inﬂow is
achieved above g40:75.We now turn our attention to the case where the
intermediate vent is opened and explore the three regimes
that may occur. Typically, the heat loading on each ﬂoor,
being produced by indirect means such as people as ofﬁce
equipment is harder to control than the vent areas. For the
purposes of this example, therefore, we assume a heat load
on both ﬂoors of 2000W and keep this ﬁxed throughout.
Following the analysis of Section 3.4, (47) and (49) can be
used to illustrate the occurrence of the three possible ﬂow
regimes for variations in the magnitude of the upper and
lower openings, a1 and a3 as shown in Fig. 21. In this case,
we assume that the intermediate opening has an area of
0:5m2 such that l ¼ 2. As noted in Section 3.4 the size of
this opening only affects the boundary between mixed and
stratiﬁed inﬂow conditions and does not alter the boundary
between in- and outﬂow through the intermediate opening.
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Fig. 22. Ventilation ﬂows and temperatures for variation in area of upper
opening, a3, with lower and intermediate openings ﬁxed at 0:25 and 0:5m2,
respectively. Both ﬂoors have a distributed heat ﬂux of 2000W.
Fig. 21. The three ﬂow regimes under variations in the upper and lower
vent areas, a3 and a1, where Q^ ¼ 1 and l ¼ 2. The Section A0A0 is for a
ﬁxed lower opening size of a1 ¼ 0:25m2 with a3 increased from 0 to 1m2.
S.R. Livermore, A. W. Woods / Building and Environment 42 (2007) 1417–1430 1429The Section A0A0 in Fig. 21 illustrates the case where the
lower opening is ﬁxed at a1 ¼ 0:25m2 and the upper
opening, a3, is increased from 0 to 1m
2. At low values of
a3, the neutral buoyancy is below the intermediate opening
and it acts as an outﬂow vent. As a3 increases, the height of
neutral buoyancy rises and at a3 ¼ 0:25m2 it is at the same
height as the intermediate opening. For a340:25m2, the
direction of ﬂow changes to inﬂow. For 0:25oa3o0:75m2,
the heat ﬂux provided on the upper ﬂoor is sufﬁcient to
heat the incoming air and the building will remain
stratiﬁed. However, when a340:75m2, the incoming air
increases to the extent that the upper ﬂoor heat load is no
longer sufﬁcient to heat up the incoming ﬂow. Conse-
quently, the air in the upper ﬂoor becomes cooler than that
in the lower ﬂoor and it descends to the base causing the
room to become well mixed. The ventilation rates and
temperatures for Section A0A0 are shown in Fig. 22. As a3 is
increased from 0 to 1m2, we pass through the three modes
of operation. Here we clearly see the volume ﬂow V 2
decrease to 0 at a3 ¼ 0:22m2. For further increases in a3,
V 2 increases again and the intermediate opening now acts
as an inﬂow vent. Over the region where V2 is low, there is
a signiﬁcant variation in the temperatures of the upper and
lower regions of the building. For a3 just above 0:22m2,
owing to the low ventilation ﬂow through the intermediate
opening, the temperature of the upper region is much
greater than the lower. If the external conditions are warm,
in summer for example, this could lead to uncomfortable
living conditions for the occupants. Consequently,
although it is important for a successful strategy to
operate within mode ii, satisfying this requirement alone
may not be sufﬁcient as there also needs to be considera-
tion to the comfort levels within the building, ensuring
that the temperatures are within acceptable limits for the
inhabitants.6. Conclusions
This work has shown that the height of neutral buoyancy
is governed not only by the geometric arrangements of the
ﬂow vents but also the distribution of heating within the
building. For a building with high and low level vents, if a
proportion of the heat load is elevated, the air becomes
stratiﬁed with warmer air resting on top of cooler air.
Consequently, the neutral level is higher than in the case of
a uniform temperature building heated entirely at the base.
This has important implications to the ﬂow through an
intermediate level opening. If an additional opening is
introduced above the elevated heat load we show that three
regimes may develop. Firstly, if the neutral level is below
the intermediate opening this opening will act as an outﬂow
vent. The air will be stratiﬁed by the existence of the heat
load at different levels. Conversely, when the neutral level
is above the intermediate opening, it acts as an inﬂow vent.
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S.R. Livermore, A. W. Woods / Building and Environment 42 (2007) 1417–14301430If the elevated heat load is larger than the heat required to
warm up the incoming ﬂow of cool air, the building will
remain stratiﬁed. However, if the additional heat loading is
insufﬁcient to heat up the incoming air, it will remain
cooler than the air lower down the building. Consequently,
this air will descend to the base and the whole building will
become mixed and of uniform temperature.
We have developed theoretical models to explore each
regime and have tested them using a simple analogue
experimental system. The predictions of the ﬂow direction
through the intermediate vent are in close agreement with
those predicted, as are the steady state temperatures
recorded within the model. Finally, we have shown that
these models have important implication to building
design. By estimating the heat distribution over the height
of the building, this may be used in conjunction with the
models to give requirements for the geometric size of the
openings. In this manner we can ensure that not only do all
intermediate openings receive a sufﬁcient inﬂow of ambient
air but also that the internal air remains stratiﬁed and that
the stale air from one ﬂoor rises and exits the building
rather than descending onto the inhabitants of another
ﬂoor.
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Appendix
Following Chenvidyakarn and Woods [11], a dimen-
sional timescale to converge to equilibrium, ts, may be
given by
ts ¼
V ðrCpÞ1=3
A
2=3ðgaHÞ1=3Q1=31
, (50)where V is the volume of the room and the effective area,
A, is based on the upper and lower openings areas.
Typically an adjustment time of 3:5ts is sufﬁcient for the
room to reach steady state [11]. By applying the appro-
priate values of geometry from the apparatus and using for
example a1 ¼ a3 ¼ 3:5 cm2 and Q1 ¼ 250W we obtain a
convergence time of approximately 50min for the lab scale
experiments. To illustrate this approach to a full scale
building, we apply the geometry given in Section 3.1.
Assuming a building volume of V ¼ 250m2 we obtain a
time of 70min to reach steady state.References
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